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motivating example



OYXT74vIE®R

1.0,

f(x) = ax(1 — x)
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aMRELRRBE TEM BIRDEFEVWHELS
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mixing

FEHR

L
BE

o

EEz#E[ME5

1.0 T
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sensitivity

EED /NS B3EZ WD
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EF: UMEADA R

» EC JBRES, tE = ER¥

» E[X (n,e)-separated < Vx,y € E, x £ y,
Jk =0,1,...,n— 1 such that |fK(x) — fK(y)| > e.

> s(n,e) = max{fE | E : (n,e)-separated}

Uelf.J) = limsup ~ log(n,c).  (F.J) := lim i (f. )

n—oo N

» Y(f, ) =T hOE—
» EAAR oI HIY NOE—DETHZESBNER

58



Period three implies chaos

» Tien-Yien Li and James A. Yorke (1975) “Period three implies
chaos”

» FARBELEDAZER F:J— J, (eg. J=10,1])

> IE B
» 3B a =f3(a), f(a) £a#%(a) ZHD
» COEE, fIRMEAAR

58



3 B HAfE
AYRT14 v VB (a>1+2V2) IE3FAHPEEZ LD

1.0,

0.8

0.6F

0.4

’
0.2} »
,
0.0 . . . .
0.0 0.2 0.4 0.6 0.8 1.0

DIEEL: 1+ 2v2 KDINE W 2 THEMLREE
REH> EFVWERETHUEAARDEEZRES
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Mitra (2001, JET) D+ 54

J C R4, f: continuous with a single peak m € intJ
f2(m) < m, f3(m) < z = f(2)
Then f exhibits topological chaos.

1.0,

0.8

0.6

0.4

0.2
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il

WH A R

BFHRATTIL

oo
max > ptu(ke, kes1) st (ke kep1) €D, £=0,1,...

t=0
DEREEN PRI
h with ki, = h(k{), (ki)iZo: optimal

MIBNARZELSRBIERHBLEEIN?
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2DV 7O—F

> JEfEE
» EFLEED
- BEEHFEBD N A RD+IREEHITH?
> WA

> NARD+DERMETE T BEEERER
- ZORBDRBE}FZREARICBD LSRR u & p FFET
Bh7?
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Boldrin and Montrucchio (1986)

BUFTI&, Boldrin and Montrucchio (1986, JET) IC &K 2 AERED
BMEZEBN TS

13/58



Propblem (P)

oo
Vo(ko) = max Yulke, ker1),
o (ko) (kt,km)eﬂ);p (Ke, kev1)

A.1 K C R is a convex body,
D C K x K is also a convex body with 71(D) = K.

A2 u: K x K — R is continuous, concave.
u(k,-) is strictly concave for every k € K.

A3 u(k, k') is strictly increasing in k
and strictly deceasing in k'

14 /58



BOBEREIR DIFE

» A1-A3 DHE T, REREIN—EBNICEE
> BEREIE k= hi(ko) BT D
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Fact 1

(a) h,: K — K :E8#55Ea%
(b) (0,1) 3 p+ h, € C(K, K) [FEREHR

FEMEEDRE 0(k) .= argmax{u(k, k') | (k, k') € D}
() lim,_0+ h, = 0, IR IF—HRINEK

(b) DEEERIF p— v, DY p DERERICE>TWVWB T & (/AT X
5 EHENEBRIFIE), Berge DRAEFREZHES

16 /58



Fact 2

A1-A3 ICINZ T

(a) wis Ct

(b) (k,0) €D, Vk € K,
ZRE.

CDEE, H5 p. BB >T,EBD p < p, [CDWVWT h,(k) =0.

17 /58



Fact 3

A.1-A.3 IZW DIMREZ BN (McKenzie 1986). 32 p* HFTE
ULTHERD p > p* IEDWT, h, FREBNICEELBRBRZHD

18 /58



p € (psp?) TADRI BN ?

A1-A3 BT AF IV AZRET B ICIFTD TR
NARRRBREBDHRET S REMEHD D
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f51: Boldrin—Montrucchio

class BoldrinMontrucchio:

def __init__(self):
self.rho = 0.01072

def u(self, x, y):
return (-0.0857 * yx*x*x4 +
0.1715 * y**3 - 0.3285 * y**2 -
1.61 x y + 4 x x x y x (1 - x) -
24 * x**x2 + 150 * x)

def is_feasible(self, x, y):
return True

20 /58



RESZEK=OIAT 1 v IER

policy iteration TEE U /&R

1.0,

0.8

0.6

0.4f

0.21
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Lemma 1

A map 0 : K — K is the policy function h,of the optimal growth
model (P) under (A.1), (A.2) for a fixed value of p in (0,1), if and
only if the following conditions are satisfied:

(i) There exists a real (concave) function w(k, k')
defined on K x K such that

A
W w(k, k') = w(k,0(k))

(ii) Setting (k) = w(k,6(k)), the real function
w(k, k') — pu (k') satisfies the hypothesis (A.2).

23 /58



B DR

0 "RBEHZEMTH D ET S, Bellman HER
v(k) = max {u(k, k') + pv(K') | (k. k') € D}
= u(k,0(k)) + pv(0(k))

&0, w(k, k') = u(k, k') + pv(K') & (i) DEBZHICT
D(K) = w(k, 0(K)) = u(k, 6(K)) + pu(B(K)) = v(k) IEET B &,

Wik, K) = pi(K) = u(k k) + pu(K') — pw(K',0(K)
u(k, k") + pv(k') — pv(K')
= u(k, k).



+4ME DEER

(i) ZiH7cd w(k, k') BFEL, u(k, k') == w(k, k') — pyp(K'),
b(k) = wik,0(k)), B (A2) BT £F 3.

(k) = w(k,0(k))
= mk;;x{w(k, K') | (k k') € D}

= max {u(k, k') + p(K') | (k, k") € D}
= u(k,0(k)) + pp(0(k)).
¢ (SMERIE, 0 I RBEENIFRETH 5.
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Corollary 1

A set of sufficient condition in order to obtain a map : K — K as
the optimal policy function h, of problem (P) under (A.1), (A.2)
for a given p € (0,1) is:
(i) (k,0(k)) € D for every k € K,
(i) There exists a concave, real valued function w(k, k')
such that
k, k'Y = w(k,0(k
max w(k, k') = w(k,0(k))
(i) Setting ¥(k) = w(k,0(k)), the real function
w(k, k") — pi(k") is concave in (k, k") and strictly
concave in k'.

26
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s - S5MIE

u(k, k') = w(k, k') — pip(k')
PROEBE%EH > TIELLN:
> (k, k') ICBAL T
> k' ICBEU TEEICM
M4 EREICELU TREESNLAVDOTRES NIMEDH % E
AT D

MBI% & BIB D ERMBE TH B Z & ITEFR L THL
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f(x) + zollx|1”

f: B, o >0
f(x)+ %OéHXH2 & a VNS WE ZMBEE, o NREWE TR

2.5

a=3.0

— a=2275
sol| — a=155
—  «a=0.8250000000000002
— a=0.1
1.5+
1.0t P
—
0.5F
0.0 L
0.0 0.2 0.4 0.6 0.8 1.0
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5 [T

a>0&9%. wk k') H(0,a)-concave &I,
wik, K) + oK

NKx K LOMBEHTHZIEZWS.
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s M1 D [RIfE 78 S 4

w(k, k') H¥ (0, a)-concave
— EBD K, khe K, t€[0,1] IERHLT

w(k, tk; + (1 — t)k})

1
> tw(k, ki) + (1= )w(k, k) + sat(l— )|k - Al

w(k, k") DY (0,a)-concave, a > 0, RS IE w (E (k, k') IEDWTMH
BE¥L, K [ DWW TERZ MBI

30/58



g5M1E

B>0&TB. (k) b concave-f TH B &I,
Y DM TH D, HhD

1
(k) + 55”/(“2
NOETHE &7 WD,

1 HY concave- TH D EE, py) Id concave-(p3).
BEBHEICLDENIDENS.

31/58



Lemma 4
w(k, k") B (0, )-concave, (k) H¥ concave-3, 8 < a
= w(k, k') — (k') & (0,a — B)-concave.
[Proof] MBA% & HBIE D 2= (F[MEA% 2 D T,
/ 1 / / 1 /
Wik K) + 5l = (00 + 381172

1
S(a =Bl

= (w(k, k') —y(K)) + 5

(FMIEE %K.

w(k, k") — (k") 1& (0, — B)-concave

32 /58



BiE

REEFEBOER 0. K > K 55Nk

w(k, k) : (0,a)-concave,

(k) = w(k,0(k)) : concave-§
THDLO% w 2R

a—pB>0THNE, ulk, k') = w(k, k') — pp(k) BNEXULVHE
BzHD.

33/58



g2

Dl R

w ZRTHEZ ROBEHEICIRET %:

1 . 1
w(k, K') = =S |KI* + (K" =k, 0(k)) = S L[,

22U, (x,y) ld x &y ORFE ke K, LER.
0 & C? ICBRET 2.

HESHIC

max w(k, k') = w(k,0(k))

ZHcY (MALTEOELTHK)

34 /58



Lemma 2

e C?> &9 3.
a€0,1), L > po+~%/(1—a)

1 = 1
wik, k) = =S 1K1 + (K = k, (k) = SLIIKII*

I& (0, a)-concave.

fefe b

= Do (k = D?6(k = ki — k
v =max||DO(K)[, o = max||[D0(k)ll, p= max [k — k]|

35/58



Proof of Lemma 2

L>po+~?/(1—a) DEE

1 1
w(x,y) = =5 (1= a)llyl* + (v = 7,0(x)) = SLIIx||*
NHBETH DI L ZRYT

BEUR xo,y0 € K & xo+txi, 0+ ty1 € K IZDWT
f(t) = w"(x0 + tx1, yo + ty1)

HUREHTH DI EERE. [[xi] =1, 0< |yl < o0 &77BDLD
LC X1, Y1 %%/\5 Z@&g

[t = lloall < p, (vl < poe

36
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Proof of Lemma 2 (cont'd)

1
f(t) = —5(1 —a)|lyo + ty1]?

_ 1
+ (Yo + ty1 — ¥,0(x0 + tx1)) — §L||xo + tx1|?

D?(yo + tyr — 7,0(x0 + tx1))
= D [(yo — 7, 0(x0 + tx1)) + (ty1,0(x0 + tx1))]
= (yo+ ty1 — 7, D20(x0 + txa)(x1, x1))

+ 2(y1, DxO(x0 + tx1)x1)

37 /58



Proof of Lemma 2 (cont'd)

f(t) = —L—(1-a)lnl?
_(yO + ty1 — )77 D)EH(XO + tXl)(X]-aXl))
+2(y1, DXG(XO + tXl)Xl)

< —L—(1-a)lyl?
+llyo + tyr — 71 D26(x0 + tx1) (1, x1) |
+2[|y1 [ [1Dx0(x0 + tx1 )xa |
< —L—(1—=a)|nlP+ po +2y|nl

38 /58



Proof of Lemma 2 (cont'd)

f’(t) <0 if
o +2yllyall = (1= @) v l* < L

EIDORKER |y =v/(L—a) DEE. LA > T
po+292/(1—a)=7?/(1—a)=po ++*/(1—a) <L

DEE fIFMBE

39 /58



Theorem 1

Let # : K — K be any C2-map over K as in Lemma 2. Then for
every given o € [0, 1), there exists a C>-function W : K x K — R

such that
(i) maxy w(k, k") = w(k,0(k))
(ii) w(k, k") is (0, «)-concave over K x K

CZETDERELDEASH

40 /58



Lemma 3

w(k, k) = S IKIP + (K~ K 606)) — L],
ETB. FED B> L+po lcDVWT

D(K) = max wlk, K) = wik,0(K))

|& concave-f3.

41 /58



Proof of Lemma 3

F(K) =~ 60K + (0(K) — F,6(K) + 56 — L)k
= 210CK)IP — (K, 00K) + (5 — L)KP

POTHBDDRMEERDIT .
F(t) = F(ko + tkt)

E95. TCTC[J, ko € K, Hkg” =1,teR, kg+tks € K, Hle > 0.

42 /58



Proof of Lemma 3 (cont'd)

f”(t) = (D@(ko + tkl)kl, D@(ko + tkl)kl)
+ (O(ko + thky) — k, D?0(ko + tky)(ki, k1)) + (B — L)k .

58 1IAIFEICIEE. Schwarz DARZFE —||a|||b]| < (a, b) < |a]|||b]|
E)

'(t) > (B = Dllkall® — pol ki |?
Lieht- T,
B=L+po
THNIF f(t) > 0.

43 /58



Lemma 4

Let w(k, k") be (0, a)-concave and (k') concave-3, with 8 < a.
Then the difference w(k, k') — (k') turns out to be an
(0, « — B)-concave function on K x K.

[Proof] 1 IEBEICRERRFE #.

44 /58



Theorem 2

Take any 6 € C?(K; K) such that (k,6(k)) € D for every k € K.
Then there exists a discount parameter p* € (0, 1), the value of
which depends on 6, such that for every fixed 0 < p < p* we can
construct a return function u,(k, k') satisfying (A.2) and with the
following property: the optimal policy function h, solving (P)
under (A.1) and (A.2) with u = u,, is the map 6. Moreover a
lower bound for p* can be estimated as

o _ Vo =72+ 2u0
= >
2202

*

p=p 0.

45 /58



Proof of Theorem 2

H2 u BEELT (A2) BBl ToIclE

2
L>
T 1l-«o

B> L+ po (¢ is concave-f3)

+ po (w is (0, a)-concave)

a—pB>0 (w — p is strongly concave)

DEFFICEDIZTIELW. Licht>T
p*=max{a/B: B —po>~?/(1—a)+puc} ZBZBWN p TH
niE& L.
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Proof of Theorem 2 (cont'd)

p* =max{a/f:L=p—po=*/(1-a)+po}

BB\ TROEND. ST ITFY

& —FERM
oc _ 1 X _
oo B (1—-a)
oL o
% = —?—F)\—O
oL 72
- = B—po— — po =

oA

47 /58



Proof of Theorem 2 (cont'd)

BHI D E
Bl—a)—-ar* =0

’Y2 2 2
2 1-— — =
<l—a+ uo)( a)” —ay 0

Y2(1—a)+2u0(l—a)®> —ay?> =0
2uo(l—a)® +29°(1—a) —~4*> =0

—2~72 4 27 /A2 + 2
10— v+ 2y 7+/w>0

4uo
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Proof of Theorem 2 (cont'd)

(1—a)?
-2
4yt + 442 (y2 + 2u0) — 83\ /72 + 2uo
16N20272
8v* + 8720 — 87v3\/72 + 2uo
16,&20'2’)/2
V2 4+ po — y/Y2 + 2uo
2p202

™| R

kk

= p

49 /58



Theorem 3

Assume 6 € C?(K; K) is as defined in Theorem 2. Then for every
P € (0, p*) with p* given in Theorem 2, there exists a return
function u, depending on p’ and satisfying (A.2), (A.3), such that
6 is the optimal policy function h, of the associated problem (P)
with u = uy when p = p'.

50 /58



Proof of Theorem 3

E3R29iE3
/ 1 112 / T L 2
w(k, k') = =S IKI" + (k" =k, 8(k)) — 5 |[K|
T 1 RDEZREUBEEIE (ac Ryy)
- / 1 ! / T L
w(k,K) = =S |KIP + (K = k,00k)) = S [1KI* + (a, k)
TEZMHATHEEL 2 IFZFDOEFEMNIID
(k) = w(k,0(k))
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Proof of Theorem 3 (cont'd)

up(k7 k,) = V_V(ka k/) - pd_}(k,)
D 1 RREE

aup _ Tt L
S = DOtk (K — k)~ Lk+a

du ow, . I,

87k/’) @(kvk)—l)ﬁ(k)
= —K +0(K)— p (DO(K)T(B(K) — K) — LK + )
= —(1— pL)K' — pa+0(k) + pDO(K')T (k — O(K'))

aZtHKRECEMNIE, Theorems 1, 2 DiERE - -TcE %
Bo >0, 9% <0 LTES



Proof of Theorem 3 (cont'd)

%o >0 ZRDIIIEBICIE,
a > —DO(k)"(K' —k)+ Lk
PEDITIELWDT, i=1,...,nlcDWVWT
aj >yp+ LN
DR D ILTIE+TS. 7212L, N = max {||k|| | k € K}
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Proof of Theorem 3 (cont'd)

Qup <0 ZEDIIEBICI,

—(1 = pL)K + (k) + pDO(K')T (k — O(K"))

a>
p

DEDITIELNDT, i=1,....,nICDWVT

N
a;>LN—|—;—|—WL

EBRNIEEW. COFRBDNEDIIDBRSEIFEDFEHEF
aj > ypu+ LN (FBEBBICADIID
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f(x) =4x(1 —x), x € [0,1]

&£

2 T 9 2

f'(x) = 4—8x
f"(x) = -8

= [If|=4
= [If"] =8

= max |[x—y|=1
x,y€[0,1] | 4

= max |x|=1
x€[0,1]
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f(x) = 4x(1 — x) (cont'd)

EE2 &0

- V2 4 po — y\/v% + 2uc
P 24202
— 0.0107233047033631. ..

ZRBZIEW p ZENIE K VY. Boldrin—-Montrucchio &
p = 0.01072

EFEATWS
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f(x) = 4x(1 — x) (cont'd)

Lemma 2, Theorem 2, Theorem 3 DFEEZMm-T L, a ZHEL TR
AT BE, FIZEE

up(x,y) = —4x?y — 23.31370851x% + 4xy + 150x
—0.08576y* + 0.1715y> — 0.3358368217y? — 1.608y

NEOIND

E: p. 37, Eq. (12) EEAB->TVWED, BOBEBIFEHICEONZIEFT
BOT, fHAVEWEHEBEICHRSHRWN. /20, Eq. (12) TEDITWS
p=0.01072, L=48 (XL TIE L >+?/(1 — ) + po, B> L+ po,
a—pB>0 ZRAFFICHKRLT o, FEELZWVDT, Eq. (12) DBHA
NN
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K&

» AV)\Y MNEE LD 2 BHA AR AR R IGEY) R BB
% & 25| AT % # N (E Ramsey BIEDMEICTE S

» ULIEh' > T, BEEN N A ABICIRDES Ramsey RIS
BICHFET S
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